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We study massive scalar fields and Dirac fields propagating in a five dimensional dilatonic black 
. hole background. We expose that for both fields the physics can be describe by a two dimensional 

theory, near the horizon. Then, in this limit, by applying the covariant anomalies method we find 
I the Hawking flux by restoring the gauge invariance and the general coordinate covariance, which 

. coincides with the flux obtained from integrating the Planck distribution for fermions. 
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I. INTRODUCTION 

^ '. The Hawking radiation is an important quantum effect in black hole physics. At quantum level, the black holes 
5-H ' emit radiation with a temperature given by h/SnksGM while classically nothing can escape from them. This 
radiation is essentially thermal and they slowly evaporate through emitting quanta. The Hawking radiation has been 
considered as a main tool to understand the quantum nature of gravity and it is determined by universal properties of 
! the event horizon. The originated thermal radiation at the event horizon is emitted to surrounding spacetime which 
^ ' in the semiclassical approach for a black hole means that it slowly looses its mass and eventually evaporates. At the 
event horizon, the Hawking radiation is in fact a blackbody radiation. However, this radiation still has to traverse a 
non-trivial curved spacetime geometry before it reaches a distant observer who detects it. The surrounding spacetime 
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PACS numbers: 
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■ therefore works as a potential barrier for the radiation giving a deviation from the blackbody radiation spectrum, seen 
by an asymptotic observer 0, Apart from Hawking's original derivation [H, which calculates the Bogoliubov 
coefficients between in and out states for a body collapsing to form a black hole, there are other approaches to obtain 
the Hawking radiation, one of them, was the development by Christensen and Fulling ^] , which showed that Hawking 
radiation in (l+l)-dimensional Schwarzschild background metric can be derived from the trace anomaly or conformal 
anomaly, which arises from the renormalization of the quantized theory. Another derivation, known as tunneling 
. ^ ' method, was proposed in Ref. Q , here the imaginary part of the action for the (classically forbidden) process of 
' s-wave emission across the horizon is related to the Boltzmann factor for emission using the null geodesic equation 
^ , and Hamilton's equation for outgoing particles. 

A recent approach was developed by Robinson and Wilczek, Ref. Here, the authors showed, that in order 
to avoid a breakdown of general covariance at the quantum level, the total flux in each outgoing partial wave of a 
quantum field in a black hole background must be equal to that of (1+1) dimensional black body at the Hawking 
temperature, considering consistent gravitational anomalies in Schwarzschild type black holes, which was extended for 
charged black holes considering consistent gravitational and gauge anomalies, Ref. [sl], and for s phe rically symmetric 
black holes, Ref. [9||. The alternative covariant formulation of the method was developed in Refs. [Hll-lla]. The method 
has acquired a growin g in terest and has been applied for several black holes. See Refs. [16l - l25| for asymptotically 
flat black holes, Refs. |26l . [27j for asymptotically AdS black holes and Refs. [1^, [1^ for acoustic geometries. Also, 
see, Refs. p30l-l37| for other metrics, generalizations and modifications of the method and Ref. SSi] to consider back 
reaction. These last two approaches, had been connected through chirality, Ref. [s^. See, also Ref. [i^l, where the 
authors comment on anomaly versus WKB/tunneling methods to calculate Unruh radiation. 
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The purpose of this work is to consider an interesting class of black hole known as dilatonic black hole [4l|-|43|, 
which arise from low energy effective field theory and have qualitatively different properties from those in ordinary 
Einstein gravity. The stability of five dimensional dilatonic black holes against scalar and fermionic perturbation has 
been studied in Refs. [314^. While, in the first article the stability depend on the non-minimal parameter present 
in the quasinormal frequencies in the second one is always stable. 

Here, we study the thermal properties of these black holes via the covariant anomalous point of view for gauge 
and gravitational anomalies using o nly covariant boundary conditions at the event horizon, Ref. fTsj considering both 
scalar fields and Dirac fields, Ref. |37| . In order to avoid a general covariance and gauge invariance breakdown at 
the quantum level, the total fiux in each outgoing partial wave of a quantum field must be equal to that of a (1+1) 
dimensional blackbody at the Hawking temperature with the appropriate chemical potential. 

The outline of this paper is as follows: in Sec. H, we specify the geometry of the dilatonic black hole in five- 
dimensions. In Sec. HI, we consider massive scalar fields non minimally coupled to the curvature and we study the 
action near the event horizon. In Sec. IV, we consider massive fermionic fields and we study the action near the event 
horizon. By doing so, we demonstrate that for both fields the physics can be describe by a two dimensional theory, 
near the horizon. Then, in Sec. V, we find the current fiux and the energy-momentum flux. Finally, in Sec. VI, we 
conclude by comparing the fluxes obtained in the previous section with the flux of Hawking radiation for fermions. 



II. FIVE DIMENSIONAL DILATONIC BLACK HOLE 



2 — + sinh^a (m^ -q^)^ , (2) 



There has been a growing interest in five-dimensional dilatonic black holes through the years, since it is believed 
that these black holes could shed some light on the fundamental problem of the microscopic origin on the Bekenstein- 
Hawking entropy. The area-entropy relation Sbh = A/A was obtained for a class of five-dimensional extremal black 
holes in Type II string theory, using D-brane techniques [i^. Also, in IZtI . the U-duality that exists between the 
five dimensional black holes an the two dimensional charged black holes [4^ was used to microscopically compute the 
latter entropy. The metric for dilatonic black holes in five dimensions can be written as (47l . |48| 

This metric is the product of two completely decoupled parts, namely, an asymptotically fiat two-dimensional which 
describes a two-dimensional charged dilatonic black hole and a three sphere with constant radius, tq. This statement 
can be directly show if we apply in (r, t) sector the transformation defined by 

'0 

where m and q are related to the mass and charge of the dilatonic black hole. So, the Eq. ([T]) read as follow 

ds^ = -N^df + N-'^dx^ + rld^l , (3) 

g-2(0-0o) = e'?^ , A = V2Qqe-'^'=dt , 

with 

N"^ = 1- 2me-^^ + g^g-^Q^ , (4) 

where Q is a positive constant determined by the central charge and A is the gauge potential. Performing the change 
of variables y = e'^^, the metric can be written as 

ds^ = Jy~y^)(y~y^) df + , + r^dni (5) 

QHy ~ yi) {y - y2) 
y 

The asymptotic region is given by y = 0, while the two horizons are given by yi^2 — (^fn T \/^nT?~~(p^ . Therefore, 
the above metric can be expressed as 

ds^ = -f (y) de + h {y)-^ dy^ + rld^ll , (6) 
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where 



(y - yi){y - y2) 

y2 



h{y) = (y-yi)(y-2/2) 



(7) 



III. SCALAR FIELDS. DIMENSIONAL REDUCTION 

We consider complex scalar field coupled non-minimally to the curvature in the background of a five dimensional 
dilatonic black hole, The action for the scalar field '0 can be written as 



dtdy 



Qy 



-dt + yQdy 



h{y) 
yQ 



where m is the mass of the scalar field, ^ is a parameter from the non-minimal coupling, V^^s-j is the Laplace-Beltrami 
operator on the sphere and R is the scalar curvature given by 



i> , (8) 



R 
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Q'y/' {y) - QVf" (y) 



(9) 



with prime denoting differentiation with respect to y. Performing the following decomposition of '0 in terms of 
spherical harmonics 



■0 = ^ V'nim {t, y) Ynlm {X, 0) , 



(10) 



where {n,l,m) is the collection of angular quantum numbers, y is a normalizable harmonic function on S^, i.e., it 
satisfies the equation 'S/'fa3\Y — aY , which in terms of the coordinates in can be written as 



with 



{s 

(='"'^f ) +-'"(1 (si.'4)) +c„.Sl .ar<-. 



(11) 



and 



= -n(n + 2), |m| </< n = 0,1,2,. 
22'+i(n+l)(n-0!Z!^ 



7r(n + / + 1)! 



sm 



(12) 



(13) 



here C^^^P (cosx) are the Gegenbauer polynomials ji^H^l, F''''"''(6', (f>) are the 5*^ scalar harmonics and the coefficient 
is chosen to normalize the harmonics. Integrating on 0, (j) and x and by using the normalization and orthogonality of 
the spherical harmonic, we find that the action can be written as 



4'nl7nit,y) 



Besides, with order to study the physic near to the event horizon results helpful to work in tortoise coordinate y^, 
which is defined by 



dy* 
dy 
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in this way the action in tortoise coordinate is 



yQ0y{'-^0y 



(14) 



(15) 
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Considering the Taylor's expansion of / (y) and h (jj) 



f («) (yrr) 

/ (y) = / {vh) + J2 T ~ y^)" ' 



(16) 



oo l,{n) ( \ 

h{y) = h (yn) + f^iy - VhT 



(17) 



which at the horizon can be described by the first term of the summatory 

f{y)~f iyn) (y - Vh) ^kiiy-yn) 



(18) 



h{y)~h {yu) [y - yn) ^ k^iy - yn) 
and replacing Eq. ([T^ and Eq. ([TO]) in Eq. ([T3]), we obtain 

y (y,) = Ae'^y- + yn , 



where k is the surface gravity defined by fc = f ' {v h)^' {y h) ■ So, at the event horizon we have 

/ {y (y,)) « Ak^e^'^y- , h [y (y,)) « Ak^e^^y . 



(19) 
(20) 

(21) 



Note that at event horizon [y^ — > ~oo), f{y{y*)) and h{y{y^,)) act as suppression factors vanishing exponentially 
fast, in this limit. By analyzing the terms of the action (llSp . we can see that near the event horizon the term coming 
from the Laplacian on unit three sphere and the mass term are suppressed by the factor f {y {y*))- 

On the other hand, the part of the action (fT5|) . which describes the non- minimal coupling of the scalar field to the 
curvature can be written as 



Sc, M = ^E/ dtdyj{y{y,))^rnimit,y{y.)) 



4 - Q'y (y*) /' (y (y*)) - Q'v' (y*) /" (y (y*)) 



ipnim{t,y{y*)) 



where we have used h (y) = Q^y^ f (y). However, as the event horizon is not a curvature singularity, the non-minimal 
coupling does not affect the dimensional reduction procedure since the part of the action which describes the non- 
minimal coupling vanishes in the region near the event horizon. So, by the latter arguments the total action near the 
event horizon is given by 



^1^] = \Y1 J d'tdyrl,y/^i:li^{t,y) 

nlm 



-1 
T 



2r'y. 



Tpnlmit, y) 



(23) 



Thus, the physics near the horizon can be described by an infinite collection of 1 -|- 1 dimensional complex scalar fields 
in the following background 



1 J. .2 



-f{y)dt' + h{y)-'dy 



(24) 



A, = 



y 



(25) 



which correspond at Mcguigan, Nappi and Yost metric [i^ and $ = Tq is the two-dimensional dilaton field, which 
does not contribute to the flux. 

IV. DIRAC FIELDS. DIMENSIONAL REDUCTION 

The formalism of differential forms lead us to use the fuenfbein 1-forni e" = e'^dx'^ and the spin connection 1-form 
dx'^ , we take our local coordinates to be — t^y,9,(j),x- However, by simplicity in the notation, it is 



^ Latin indices label the components with respect to a local Lorentz frame and Greek indices refers to the coordinate frame. 



standard to work with a dual spin connection 



So, the torsion and the curvature i?° are given by 



(26) 



(27) 



For the metric, Eq. we choose the fohowing fuenfbein 

1 



dr , e — rodx , e — r^sinxdO , e — rosinxsinOdcj) , 



and for vanishing torsion the connection is given by 

1 



f'{y)dy , = -cosxd9 , = -cosxsi 



VivY 

The action for Dirac fields, propagating in a five dimensional dilatonic black hole can be written as 



= / d^x^f^^'^-f^ 



where ej^ is the inverse fuenfbein. Now, using the descomposition 



nlm 



(28) 
(29) 

(30) 

(31) 
(32) 

(33) 



where <t>nirn iU y) is a spinor and rjnim {0, x) the eigenfunctions of the Dirac operator on three sphere. The Dirac 
operator, [51|, is given by 



em7™ ( di ~ ^ujbcil^Yj Vnim (0, <j), x) = ±i (n + ^ ] rjnlm (0, (j), x) , 



(34) 



where ±i + §), are the eigenvalues of the Dirac operator on the three sphere. Thus, using the tortoise coordinate 
transformation, given by Eq. (1141) allows us to write the action near the horizon as 



Sm^Y.j dtdy.4>ljt,y)^' 

nlm 



which in (y, t) sector can be written as following form 



dt~—Adyfh' + j'fdy 



Vfh 4/ 



4'nlmit,y) , 



(j)nlm{t, y) 



(35) 



(36) 



Thus, the physics near the horizon can be described by an infinite collection of 1 + 1 dimensional fermionic fields 
in the following background 



ds^ = -fiy)dt' + h{y)~^ dy^ 



(37) 



At - 



V2Qq 



which correspond at Mcguigan, Nappi and Yost metric [48 
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V. ANOMALIES AND HAWKING FLUXES 



In the previous sections we have reduced the five dimensional theory at (l+l)-diniensional background. However, 
at the horizon, outgoing modes of the (1+1)- dimensional fields behave as right moving modes, while ingoing modes as 
left moving modes. So, if we neglect the ingoing modes in the region near the horizon, because they can not classically 
affect physics outside the horizon, then the effective two-dimensional theory becomes chiral and two-dimensional chiral 
theory contains gauge and gravitational anomalies. 

In this section we will obtain the fluxes of the current and energy-momentum tensor, considering the covariant 
anomalous point of view for gauge and gravitational anomalies proposed in Ref. [l^ . Where, the author considered 
only covariant boundary conditions at the event horizon. 



A. Gauge anomaly 

In order to apply the method mentioned above and study the region near the horizon, the spacetime is divided into 
two regions, due to the effective theory is different. Being one of them the region outside the event horizon and the 
other near the horizon. In this way, the current , which outside the horizon is denoted by J^^^ is anomaly free and 
satisfies the conservation law 



which yields 



V 7^'' — n 



•\o) 



(38) 
(39) 



where cq is an integration constant. However, near the horizon satisfies 



V J'' 



in 



(40) 



where, the right side of the above equation corresponds to the covariant form of the two dimensional abelian anomaly 
and e'"^ = and e^^ = \J—g^y,v are two dimensional antisymmetric tensors for the upper and lower cases with 

e*^ — tty — \. The solution of this differential equation is given by 

„2 



P - 



^=[cH + ^ [At {y) - At [vh)] 



(41) 



where ch is an integration constant. On the other hand, {y) and can be written as 

J' iv) = Jfo) (y) Qiy~yH-e) + Jf^^ (y) H (y) , (42) 
where, the outside region near the horizon is defined for: < y < yn + e and the outside region for: y^ + s l£ y l£ oo. 



^ ( Jf„) (y) Jf^) (y)) + ^At (y) 6{y~yH-e) + dy I^^At (y) H [y) 



(43) 



where H (y) ~ 1— O {y — yn — e). If we require an anomaly free and gauge invariant theory, then the term in the 
total derivative is canceled by quantum effects of classically irrelevant ingoing modes and the vanishing of the Ward 
identity under gauge transformation implies that 

^2 



Jfo) iy) - JIh) (y) + 



Then, replacing Eq. ([5^ and Eq. (PT|) in the above equation yields 

^2 



At (y) = 



Co = Ch 



2tt 



Atiyn) , 



(44) 



(45) 



where the coefficient ch vanishes by requiring that the covariant current J^^^,^ (y) vanishes at the horizon. Therefore, 
the charge flux corresponding to (y) is given by 



(46) 
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B. Gravitational anomaly 



Such as mentioned the effective quantum theory is chiral near the horizon and chiral theories contain gravitational 
anomahes. In consequence, the divergence of energy-momentum tensor in not vanished and this is quantum mechan- 
ically violated due to the chiral anomaly. Therefore, a real energy-momentum flux it is needed as a compensating 
object. The main idea of the method, consist in the divergence of this flux will be canceled the anomaly at the horizon. 

So, the energy-momentum tensor in the outside region satisfies the conservation law 



outside the horizon. Which leads to 



(ao -t- CoAt (y)) , 



where ao is an integration constant and having used Fyt = dyAt and Eq. 
divergence of energy-momentum tensor satisfies 



2 p 



At = 



1 



-9 



Uyl\f , 



where 



f'h' , iffh 



96n 



f 



In this way, the Eq. (|49|) can be written as 

dy iy^Tf^)^ = dy 



(- 



-A\ {y)-At [vn)At (y) 



(47) 



(48) 



However, once near the horizon the 



where R is the Ricci scalar, given by 

hf" f'h' I iff h 
for the metric ^ and the anomaly is purely timelike with 



N! (y) 



(49) 



(50) 



(51) 



(52) 



(53) 



where the first term comes from the gauge anomaly and the second of the gravitational anomaly. Here, we have used 
Eq. (j4ip with ch = 0, in order for the covariant gauge current to vanish at the horizon. Now, integrating the above 
equation on y from yn to y, leads to 



+ - {A\ (y) + A? (yn)) - —A^ {yn) A^ (y) + (y) - iVf {yn) 



where hu is an integration constant. On the other hand, Tf (y) and V fjT^ can be written as 

{y) = Tf^^^ iy) 9 (y - - e) Tf^^, (y) H [y] , 



(54) 



(55) 



+ 



-9 



^At (vh) dyAt (y) + i^V^ (rf„), (y) - Tf^^^ {y)) + ^A', (y) + TVf (y) JSiy^yn 
H{y) 



-A\ {y) + Nyiy) 



(56) 
(57) 



where we have used Eq. (j46p . The first term in the above equation is a classical effect of the Lorentz force. The term 
in the total derivative is canceled by quantum effects of classically irrelevant ingoing modes. Therefore, the vanishing 
of the Ward identity under diffeomorphism transformation implies that 



1 



9 \47r 



-A? (y) + 7Vf (y) =0 



(58) 
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Then, by replacing Eq. (|48| and Eq. (|54p in the above equation, yields 

ao^bH + ^Aj {yn) - {yn) , (59) 

where bn is an integration constant, that has been chosen equal to zero in order for the covariant energy-momentum 
tensor to vanish at the horizon. Therefore, the total flux of the energy-momentum tensor is given by 

a, = l.AUyH)-NyiyH) , 

= 7^Q\^ + T^f {vh) h' (yH) . (60) 

Those results mean the flux required to cancel the gravitational anomaly at the horizon has a form equivalent 
to blackbody radiation, which we will show in the next section. Thus, the thermal flux required by black hole 
thermodynamics is able of canceling the anomaly. 

VI. SUMMARY 

We studied the Hawking radiation from five dimensional dilatonic black hole, following the covariant anomalous 
point of view for gauge and gravitational anomalies proposed in Ref. [15]. The importance that had acquired the 
method of anomalies is that it let us to compute the Hawking temperature of the black holes. In the original version 
of the anomaly method, Ref. ^Tj, the authors considered scalar field, by simplicity. Near the horizon the theory can be 
described in two dimensions and it is possible to match the flux obtained via anomalies with the flux obtained from 
a beam of massless blackbody radiation moving in the positive r direction. Here, we considered a massive scalar field 
non minimally coupled to the curvature of this black hole background and it was shown that near the horizon, the 
physics can be described in two dimensions. We explicitly showed that the non-minimal coupling does not affect the 
dimensional reduction procedure, such as in Ref. j26| , since the part of the action which describes the non-minimal 
coupling vanishes in the mentioned region. Also, we considered Dirac fields in our description. In this case, we showed 
that dimensional reduction procedure can be developed. However, in order to match the fluxes, we consider the 
Hawking fluxes that can be obtained from integrating the Planck distribution for a general charged rotating black 
hole, for fermions. The Planck distribution for blackbody radiation at the Hawking temperature Th, is given by 

Then, the fluxes for the current and energy-momentum tensor can be computed by 

PQ^^J^ 2^ (^e,™(w) - iV-e,-™(^)) , (62) 

Fm= 7^ w {N,,„,{u) + iV_,._„(cj)) , (63) 

Jo 

where we have included the contribution from the antiparticles. From the evaluation of Eq. (j63p for one charged 
and static geometric we obtained Fm = 37 (^'^)^ + IJp'' exactly match with Eq. (pO)) . Therefore, the Hawking 
temperature can be determined as 



T^^^^VriyH)h'iyH) = ^Q ^"t^ , (64) 
Ztt 47r Ztt m + _ ^2 

which coincides with the well-known result of the Hawking temperature for this geometry (52j . 

On the other hand, in order to avoid a general covariance and gauge invariance breakdown at the quantum level, 
the total flux in each outgoing partial wave of a quantum field must be equal to that of a (H-1) dimensional blackbody 
at the Hawking temperature with the appropriate chemical potential, while the total flux observed at infinity is that 
of a d-dimensional greybody at the Hawking temperature. 
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